Using equilibrium molecular dynamics (EMD), we analyzed the friction between water-methanol liquid mixtures and a non-polar solid wall. Specifically, we calculated the friction coefficient (FC) from the autocorrelation of the shear force exerted on a liquid from a solid wall using two Green-Kubo (GK) equations proposed by Bocquet and Barrat (BB) [Physical Review E, Vol. 49, (1994), 3079], and Huang and Szulfarska (HS) [Physical Review E, Vol. 89 (2014), 032119], and compared these FC values with those obtained in our previous non-equilibrium molecular dynamics (NEMD) work. Both GK equations reproduced the FC dependence on the methanol concentration in the first adsorption layer X MeOH a observed with NEMD, but the BB method gave a better estimate of the NEMD results with a difference of 20 % at largest. The independent molecular FCs of water and methanol, which were only extractable with the HS method from EMD simulations, corresponded qualitatively well with the NEMD results regarding the dependency on X MeOH a . Though certain discrepancies were observed between the EMD and NEMD results, the EMD had a considerable advantage regarding the computational time required to calculate the FC with a comparable error: the EMD computational time was about 20 times shorter than the NEMD time in the present system.
Introduction
Recent experiments and molecular simulations have revealed that a velocity slip, i.e., lateral velocity difference between solid and liquid at the interface, can exist at the nanoscale (Neto et al., 2005 , Bocquet and Barrat, 2007 , Huang et al., 2008 , Falk et al., 2010 , Hizumi et al., 2015 . This is in contrast with macroscopic systems in which the no-slip boundary condition (BC) is often assumed. The so-called partial slip BC (Navier, 1823) relates the slip velocity v s to the shear rate ∂ y u y=0 of the liquid at the boundary with the slip length l s by v s = u y=0 = l s ∂u ∂y y=0 ,
where u is the tangential liquid velocity relative to the solid surface normal to y. For a Newtonian fluid with viscosity η, the partial slip BC results from the balance between the viscous stress η ∂ y u y=0 exerted by the liquid on the solid and the interfacial friction τ w by the solid on the liquid:
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The proportionality coefficient λ = η/l s is called the slip solid-liquid friction coefficient, hereafter referred to as the friction coefficient (FC) (Navier, 1823) . A larger slip length, i.e., a smaller FC results in a reduction of flow drag, so that FC reduction is one of the key issues for applications of nanoflows.
In previous reports, we characterized the friction between water-methanol mixtures and non-polar smooth solid surfaces using nonequilibrium molecular dynamics (NEMD) simulations (Nakaoka et al., 2015 , Nakaoka et al., 2017 . The FC at the interface was largely reduced in the presence of a small bulk methanol molar fraction, due to the specific adsorption of methanol molecules on the surfaces (Nakaoka et al., 2015) . In addition, we extracted the individual contributions of water and methanol molecules to the total FC, and explored their dependency on the moleculer concentration and orientation at the interface (Nakaoka et al., 2017) .
In such NEMD approach, the FC is obtained from the velocity profile of a steady-state system, and an extremely high shear rate must be used to reduce the error in the velocity profile coming from thermal fluctuations. The NEMD approach is also computationally demanding; for instance, the calculation time to obtain a feasible velocity profile through timeaveraging was several tens of nanoseconds for a shear rate on the order of 10 9 s −1 in our previous reports (Nakaoka et al., 2015 , Nakaoka et al., 2017 . As an alternative, several methods have been proposed to evaluate the FC based on GreenKubo (GK) equations in equilibrium molecular dynamics (EMD) simulations, where no flow is driven and thus neither extreme shear rate nor long time-averaging is required. Bocquet and Barrat (BB) Barrat, 1994, Bocquet and Barrat, 2013) first proposed a GK equation to extract the solid-liquid FC:
where S , k B and T denote the surface area, Boltzmann constant and temperature, respectively, whereas F w (t) is the shear force exerted on the liquid from the solid wall at time t. The angle brackets express the average regarding the time origin t 0 . Huang and Szlufarska (HS) (Huang and Szlufarska, 2014) have proposed a different GK equation constructed from the dynamics of individual liquid particles near the solid wall. In the following, we consider that the particles of a molecular liquid, such as those simulated in this study, are its molecules, in which atoms are strongly bound so that their translational motion are correlated. Within our interpretation of the HS formalism, a molecular FC, i.e., FC per liquid molecule, is defined as µ i for i-th liquid molecule, and the FC is given by λ = ∑ i µ i /S . By applying the generalized Langevin equation and linear response theory to the liquid molecules, the authors derived another GK equation
where f i and v i are the wall-tangential components of the force exerted from the surface to the liquid molecule i and the velocity of i, respectively, and α and n s are the integrated normalized force-velocity mutual correlation and number density of liquid molecules near the solid surface per area, respectively. The summation in Eqs. (4) and (5), which should be taken for liquid molecules near the solid surface, can be well approximated by the summation over all liquid molecules considering that f i rapidly decays as the distance from the solid wall becomes large. Huang and Szlufarska (Huang and Szlufarska, 2014) compared the FC evaluated by NEMD with that obtained by EMD using Eq. (4), and showed that the NEMD result approached the EMD value as the shear rate became small. The HS method uses a sample average for liquid molecules in Eq. (4) and this results in a reduced noise. Besides this advantage, the HS method has a potential use to extract the contribution of specific molecules to the FC, or the local spatial contribution on a heterogeneous solid surface. In this study, we performed EMD analysis of the solid-liquid friction for a system investigated in our previous NEMD reports (Nakaoka, 2015 , Nakaoka, 2017 . The FC was calculated by the GK equations in Eqs. (3) and (4), and the applicability of these equations was explored through the comparison with the NEMD. In addition, molecular contributions of water and methanol to the FC were extracted by the HS method, and compared with the NEMD.
2. Simulated systems 2.1. Simulation method Figure 1 shows a typical simulated system. The present EMD systems were identical to those in our previous NEMD reports (Nakaoka et al., 2015 , Nakaoka et al., 2017 except that the two solid surfaces were not sliding. The SPC/E (Berendsen et al. 1987 ) and OPLS-UA (Jorgensen, 1986) force fields were adopted for water (H 2 O) and methanol Nakaoka, Yamaguchi, Omori and Joly, Mechanical Engineering Letters, Vol.3 (2017) Fig. 1 Typical simulated system of water and methanol liquid mixture confined between non-polar solid crystal surfaces. The positions of the wall atoms in the outmost layers of the top and bottom sides were fixed in the present equilibrium molecular dynamics (EMD) simulations. These wall atoms moved tangentially to the solid surface in the x and −x directions, respectively,at a prescribed constant wall velocity of v w in our previous non-equilibrium molecular dynamics (NEMD) simulations.
(CH 3 OH, hereafter denoted by MeOH) molecules, respectively. The molecular structures are displayed in the bottomright panel of Fig. 1 . A face-centered cubic (fcc) crystal with an exposed (111) face was used as the solid wall in contact with the liquid, and the interaction between wall atoms was expressed by the harmonic potential for nearest neighbors.
Interactions between solid and liquid atoms were assumed to be LJ interactions only, for which the potential parameters were numerically set so that the contact angle of a single-component water droplet was about 90
• (Surblys et al., 2014) .
Two fcc (111) crystal surfaces both consisting of three layers of atoms were located at the top and bottom of the calculation cell at a distance of about 10 nm, and pure water, pure methanol, or a mixture of water and methanol was confined between the solid surfaces. The size of the calculation cell tangent to the surface was 3.05×3.36 nm 2 , and periodic boundary conditions were set in the tangential directions. The exact distance between the surfaces was determined through preliminary simulations in which the pressure was controlled to 1 atm. The number of liquid molecules for the singlecomponent water and methanol systems was 3160 and 1336, respectively, while the number of molecules for mixtures of different water-methanol ratios were chosen to give approximately the same volume under atmospheric pressure. The wall atoms in the outmost layers of the top and bottom sides, were fixed on the coordinate in the present EMD systems, whereas these two walls moved tangentially to the solid surface in the x and −x directions, respectively, at a prescribed constant wall velocity of v w in our previous reports (Nakaoka et al., 2015 , Nakaoka et al., 2017 . The volume of the system was constant with the preliminary determined fixed surface normal height. We measured the pressure on the confining walls, which varied randomly around 1 atm for various methanol contents, without any correlation with the evolution of the FC. The temperature of the system was controlled at 300 K by applying a Langevin thermostat (Blömer and Beylich, 1999) exclusively to the wall atoms in the middle layer. The velocity Verlet method with the modified quaternion constraint technique (Omelyan, 1998) was applied for the integration of the equation of motion with a time step δt of 1 fs. A time average of 2 ns was used for the data analysis for the EMD simulations, which followed the equilibration run of 1 ns after the preliminary run under the pressure and temperature control mentioned above. The error bars in the following figures were obtained as the standard error of the entire simulation data except for the calculation of the friction coefficient λ BB shown later in Fig. 3 , in which the standard error among 1 ns-average data segments was evaluated. In both cases, the data for top and bottom walls were used as two independent samples. Note that we needed a long time average of 40 ns and 80 ns in the cases of v w ≤ 10 m/s and v w < 10 m/s, respectively, both after the relaxation run of over 5 ns, to obtain a feasible data in our previous NEMD reports (Nakaoka et al., 2015 , Nakaoka et al., 2017 .
Mixing features of water and methanol and system parametrization
Before discussing the friction coefficient in the next section, we show a brief summary of the mixing features of water and methanol of the present systems, which has already been investigated in the previous reports. In Fig. 1 of the previous report (Nakaoka et al, 2017) , we examined the relation between methanol fractions X because the methanol molecules with a hydrophobic CH 3 group tended to adsorb at the solid-liquid interface. Due to this property, Nakaoka, Yamaguchi, Omori and Joly, Mechanical Engineering Letters, Vol.3 (2017) [ . This relation was also observed in the present EMD systems in Fig. 1 : a homogeneously mixed bulk region was formed about 2.5 nm away from the solid surface, while a layered structure of methanol molecules appeared near the solid surface. The two molar fractions X MeOH b and X MeOH a showed a one-to-one correspondence, and both were used to represent the system status in the following analysis.
Results and discussion

Calculation of the solid-liquid friction coefficient by Green-Kubo equations
The GK equations, Eqs. (3) and (4) proposed by BB and HS, respectively for the calculation of FC were examined in the present EMD systems. The time integrals
and
used in the BB and HS methods, respectively are shown in Fig. 2 as a function of time t for systems with X MeOH b of 0, 37.2, and 100 %, where F w and f i denote the sum of the force exerted on the liquid and the force exerted on liquid molecule i both from the wall, respectively. The summation in Eq. (7) was taken over all liquid molecules.
The Λ BB (t) integral was rather noisy, and seemed to decrease slowly toward zero at long times. This decrease was an expected effect of the finite size of the simulated systems (Joly et al. 2016, Barrat and Chiaruttini, 2003) . Indeed, let us consider the total system of solid and liquid at equilibrium with a thermostat at temperature T . For simplicity, assuming that the solid is immobile and that the liquid has a uniform velocity v(t), one can write a Langevin equation for the liquid:
where m, F(t) and λ denote the mass of the liquid film, force exerted by the solid on the liquid and the friction coefficient, respectively, whereas f (t) is a random δ-correlated force satisfying ⟨ f (t) f (t ′ )⟩ = γδ(t − t ′ ). Defining X(t) ≡ mv(t) and ζ ≡ λS /m, the usual relations follow for the correlation functions:
By applying the energy equipartition ⟨X(0) 2 ⟩ = m 2 ⟨v 2 ⟩ = mk B T , γ is determined as 2λS k B T . Hence, is derived. This simplified model predicts that Λ BB (t) will rise instantly from 0 to λ at t = 0, and then decrease exponentially with a decay time τ = 1/ζ. Note that the velocity distribution in the liquid will affect the decay time τ, but the maximum of Λ BB (t) will remain equal to the friction coefficient λ in case the time-scale for the relaxation of the velocity distribution is negligibly smaller than τ Barrat, 1994, Bocquet and Barrat, 2013) . In our simulations, we indeed observed a steep increase of Λ BB (t) from zero at t = 0, followed by a slower decay as shown in Fig. 2 . The decay time appeared longer for lower friction coefficient, consistently with the prediction of the simple model presented above. Therefore, we extracted the FC from the maximum value of Λ BB (t) at intermediate time as:
In practice, we obtained four Λ BB (t) curves for each methanol fraction at first, by using two 1 ns-time intervals of the 2 ns-production run for each of the two confining walls, and then, we took the maximum of Λ BB (t) between t = 0 and 4 ps for each. Finally, we computed λ BB as the average of the four maxima, and the error bars were estimated from their standard deviation. Note that the the Λ BB (t) curves in Fig. 2 for the top and bottom walls were the average of the two curves extracted from the 1 ns-time intervals, and also note that the maximum between t = 0 and 4 ps was not always the first local maximum because the decay of Λ BB (t) was slow and it largely fluctuated as seen for the Λ BB (t) curves of X MeOH b = 37.2 % and 100 % in Fig. 2 . On the other hand, to evaluate λ HS = Λ HS (∞) in practice, we computed the time average of Λ HS (t) between 20 and 50 ps in the following analysis. Indeed Eq. (4) includes the integrated force-velocity correlation α given in Eq. (5), but the value of α in the present systems was negligibly smaller than 1 (see Appendix), and λ HS was approximated by Λ HS (∞) in the analysis below considering 1 − α ≈ 1 in Eq. (4).
Figure 3 (a) shows the FCs obtained from EMD simulations by the BB method in Eq. (11) and HS method in Eq. (4) with setting α = 0, and those obtained from NEMD simulations (Nakaoka et al., 2015 , Nakaoka et al., 2017 . The error bar for the BB method given as the standard deviation of was relatively large basically because it was calculated from a single autocorrelation function ⟨F w (t 0 )F w (t 0 + t)⟩, which inevitably included a large variance with limited data, whereas that for the HS method was small because its variance was reduced through the sum of multiple autocorrelation functions
as the horizontal axis in Fig. 3 (b) to examine the FC change with X saturated, and almost constant thereafter. A better estimate of the NEMD value of λ NEMD was provided by λ BB -with a difference about 20 % at largest -than that provided by λ HS -with ca. 35 % difference at largest -for the present simulations. However, it is worth noting that the estimated decay times of Λ BB (t) in Fig. 2 were not fully consistent with the prediction of the simple model presented above, indicating that the present data did not completely support the BB-based formulation. This could be due to certain choices made here, e.g., molecular type, system size, or thermostatting procedure. Hence, we cannot simply conclude from the present limited data which of Nakaoka, Yamaguchi, Omori and Joly, Mechanical Engineering Letters, Vol.3 (2017) [DOI: 10.1299/mel.17-00422] . The ratio of the methanol contribution c MeOH ≡ λ MEOH /(λ water + λ MEOH ) to the total FC is also plotted using the right vertical axis.
the two EMD methods is more appropriate in general, and further systematic study is needed.
Note that the FC obtained from NEMD simulations should theoretically converge to the equilibrium FC, considering that the GK formulas provide the zero-shear-rate limit of the FC. In a previous work (Nakaoka et al., 2017) , we have shown that our previous NEMD simulations were done in the linear response regime, and that they can be used as a reference to compare the different EMD approaches. Note also that we obtained Λ BB (t) for several systems with a smaller liquid thickness or a larger surface area to examine the system size effects. As a result, no clear difference was seen in the FC evaluated by Eq. (11) in these different sample systems, while the time decay of Λ BB (t) was different. Both results corresponded qualitatively well with the BB feature of a finite size system described above; however, a more systematic investigation would be useful in the future to discuss the system size effects.
Contribution of water and methanol molecules on the friction coefficient
As mentioned earlier, it is possible to define the contribution from each type of molecule to the FC based on the HS expression, i.e., the friction coefficient λ HS can be divided into the water and methanol contributions as
with
using the force f i exerted respectively on the water and methanol molecules from the solid wall. The FC contribution from each molecule type in NEMD is also simply given by
In contrast, the FC separation into molecular contributions is impossible for the BB method: by expanding Eq. (3) as
it is shown that the BB method includes the mutual force correlation in the second term of the rightmost side of Eq. (15). Nakaoka, Yamaguchi, Omori and Joly, Mechanical Engineering Letters, Vol.3 (2017) [ . The ratio of the methanol contribution to the total FC given by c
is also plotted using the right vertical axis. The contribution from methanol gradually dominated over that from water with the increase of X MeOH a , and this implied that the reduction of the total friction coefficient λ was due to the methanol adsorption on the solid surface. It was also shown that the difference between λ HS and λ NEMD seen in Fig. 3 especially for small X 
Concluding remarks
We calculated the friction coefficient from the autocorrelation of the shear force exerted on a water-methanol liquid mixture from a solid wall at equilibrium by using two GK equations, and compared these values with those obtained in our previous NEMD reports. Both methods reproduced the FC dependence on the methanol concentration in the first adsorption layer X MeOH a observed in the NEMD, while the BB method gave a better estimate of the NEMD results with a difference of 20 % at largest when the maximum value of the integral of the force autocorrelation was used. The independent molecular FCs of water and methanol, which were only extractable by the HS method from EMD simulations, corresponded qualitatively well with the NEMD results regarding the dependency on X MeOH a . Though certain discrepancies were observed between the EMD and NEMD results, the EMD had a considerable advantage regarding the computational time required to calculate the FC with a comparable error: the EMD computational time was about 20 times shorter than the NEMD time in the present system. Nakaoka, Yamaguchi, Omori and Joly, Mechanical Engineering Letters, Vol.3 (2017) [DOI: 10.1299/mel. obtained for the top and bottom walls are displayed with the same shape and color as well. The value of A(t) indeed fluctuated with the increase of time t, but it stayed around 0.01. The α value in Eq. (5) was calculated as the average of A(t) between t = 20 ps and 50 ps considering its poor convergence. The right panel of Fig. 5 shows the calculated α value at various methanol molar fractions in bulk X MeOH b , indicating that |α| ≪ 1 was satisfied for all X MeOH b values. Hence, the approximation of λ HS ≈ Λ HS (∞) only induced an error of about 1 %.
